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Abstract. We study the extent of independence needed to approximate the product of
bounded random variables in expectation. This natural question has applications in pseudo-
randomness and min-wise independent hashing.

For random variables with absolute value bounded by 1, we give an error bound of
the form *) when the input is k-wise independent and o2 is the variance of their sum.
Previously, known bounds only applied in more restricted settings, and were quantitatively
weaker.

Our proof relies on a new analytic inequality for the elementary symmetric polynomials
Sk(x) for x € R". We show that if |S(x)|, [Sk+1(x)| are small relative to |Sx_; (x)| for some
k > 0 then |S/(x)| is also small for all £ > k.

We use this to give a simpler and more modular analysis of a construction of min-wise
independent hash functions and pseudorandom generators for combinatorial rectangles due
to Gopalan et al., which also improves the overall seed-length.
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1 Introduction

The power of independence in probability and randomized algorithms stems from the fact that it lets us
control expectations of products of random variables. If Xi,..., X, are independent random variables,
then E [T, X;] = [T, 4: where the y; are their respective expectations. (To avoid measurability issues,
we assume all random variables have finite support.) However, there are numerous settings in computer
science, where true independence either does not hold, or is too expensive (in terms of memory or
randomness).

Motivated by this, we explore settings when approximate versions of the product rule for expectations
hold even under limited independence. Concretely, let X1, ..., X, be random variables lying in the range
[—1,1], where X; has mean g; and variance 6?. We are interested in the smallest k = k(&) such that
whenever the X;s are drawn from a k-wise independent distribution D, it holds that

n n
HXi - Hﬂi
i=1 i=1

As stated, we cannot hope to make do even with k = n — 1. Consider the case where each X; is a random
{£1} bit. If X, = [T7-,' X;, then the resulting distribution is (n — 1)-wise independent, but E[[]; X;] = 1,
whereas []; 4; = 0. So, we need some additional assumptions about the random variables.

The main message of this paper is that small total variance is sufficient to ensure that the product rule
holds approximately even under k-wise independence.

Eop <8. (1.D

Theorem 1.1. Let Xy,...,X, be random variables each distributed in the range [—1,1], where X; has
mean L; and variance 7. Let 6> =Y;67. There exist constants ¢; > 1 and 1 > ¢3 > 0 such that under
any k-wise independent distribution D,

n

[1%

i=1

Eq < (c10)%k. (1.2)

n
— 1 Hi
i=1

Specifically, if o < 1/(2c1) then k = O(log(1/8))-wise independence suffices for Equation (1.1).

An important restriction that naturally arises is positivity, where each X; lies in the interval [0, 1].
This setting of parameters (positive variables, small total variance) is important for the applications
considered in this paper: pseudorandom generators (PRGs) for combinatorial rectangles [7, 12] and min-
wise independent permutations [4]. The former is an important problem in the theory of unconditional
pseudorandomness which has been studied intensively [7, 12, 19, 3, 13, 9]. Min-wise independent hashing
was introduced by Broder et al. [4] motivated by similarity estimation, and further studied by [11, 5, 19].
The authors of [19] showed that PRGs for rectangles give min-wise independent hash functions.

The results of [7, 11] tell us that under k-wise independence, positivity and boundedness, the LHS
of Equation (1.1) is bounded by exp(—Q(k)), hence k = O(log(1/6)) suffices for error 8. In contrast,
we have seen that such a bound cannot hold in the [—1, 1] case. However, once the variance is smaller
than some constant, our bound beats this bound even in the [0, 1] setting. Concretely, when 62 < n~¢
for some € > 0, our result says that O(1)-wise independence suffices for inverse polynomial error in
Equation (1.1), as opposed to O(log(n))-wise independence. This improvement is crucial in analyzing
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PRGs and hash functions in the polynomially small error regime. A recent result of [9] achieves near-
logarithmic seed-length for both these problems, even in the regime of inverse polynomial error. Their
construction is simple, but its analysis is not. Using our results, we give a modular analysis of the
pseudorandom generator construction for rectangles of [9], using the viewpoint of hash functions. Our
analysis also improves the seed-length of the construction, getting the dependence on the dimension n
down to O(loglog(n)) as opposed to O(log(n)), which (nearly) matches a lower bound due to [12].

The main technical ingredient in our work is a new analytic inequality about symmetric polynomials
in real variables which we believe is of independent interest. The k-th symmetric polynomial in a =
(ay,az,...,a,) is defined as

Sc@)= Y Jla (1.3)

TC[n)|T|=ki€T

(we let So(a) = 1). We show that for any real vector a, if [Si(a)|, |[Sk+1(a)| are small relative to |Si_(a)|
for some k > 0, then |Sy(a)| is also small for all ¢ > k. This strengthens and generalizes a result of [9] for
the case k = 1.

We give an overview of the new inequality, its use in the derivation of bounds under limited indepen-
dence, and finally the application of these bounds to the construction of pseudorandom generators and
hash functions.

1.1 The elementary symmetric polynomials

The elementary symmetric polynomials appear as coefficients of a univariate polynomial with real roots,
since [Jicpy (8 +ai) = Yio kS, «(a). They have been well studied in mathematics, dating back to
classical results of Newton and Maclaurin (see [20] for a survey). This work focuses on their growth rates.
Specifically, we study how local information on Si(a) for two consecutive values of k implies global
information for all larger values of k.

It is easy to see that symmetric polynomials over the real numbers have the following property:

Fact 1.2. Over the real numbers, if S| (b) = S2(b) =0 then b = 0.

This is equivalent to saying that if p(£) is a real univariate polynomial of degree n with n nonzero
roots and p’(0) = p”(0) = 0 then p = 0. This does not hold over all fields, for example, the polynomial
p(E) = E3 +1 has three nonzero complex roots and p’(0) = p”(0) = 0.

A robust version of Fact 1.2 was recently proved in [9]: For every a € R" and k € [n],

Sk(@)] < (SHa) +2IS2(a))) . (1.4)

That is, if Si(a),S2(a) are small in absolute value, then so is everything that follows. We provide an
essentially optimal bound.

Theorem 1.3. For every a € R" and k € [n],

k
Su(@)] < (6e<3%<a>; /|§2(a)|)1/2> |
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The parameters promised by Theorem 1.3 are tight up to an exponential in k& which is often too small
to matter (we do not attempt to optimise the constants). For example, if a; = (—1)’ for all i € [n] then
S1(a)| < 1and |Sy(a)| < n+ 1 but Si(a) is roughly (n/k)*/2.

A more general statement than Fact 1.2 actually holds (see Section 2.1 for a proof).

Fact 1.4. Over the reals, if Sy(a) = Si+1(a) = 0 for k > 0 then S¢(a) = 0 for all £ > k.

We prove a robust version of this fact as well: A twice-in-a-row bound on the increase of the
symmetric functions implies a bound on what follows.

Theorem 1.5. For every a € R", if Sy(a) # 0 and

()5

then for every 1 <h <n—k,

<C?

<C and '<k+2> Si2(a)

k) Sk(a)

()

-(x2)
— \ pl/2 ’

Theorem 1.5 is proved by reduction to Theorem 1.3. The proof of Theorem 1.3 is analytic and uses
the method of Lagrange multipliers, and is different from that of [9] which relied on the Newton—Girard
identities. The argument is quite general, and similar bounds may be obtained for functions that are
recursively defined.

Stronger bounds are known when the inputs are nonnegative. When a; > 0 for all i € [n], the classical
Maclaurin inequalities [20] imply that S;(a) < (e/k)*(S1(a))*. In contrast, when we do not assume
non-negativity, one cannot hope for such bounds to hold under the assumption that |S;(a)| or any single
|Sk(a)| is small (see the alternating signs example above).

1.2 Tail bounds

We return to the question alluded to earlier about how much independence is required for the approximate
product rule of expectation. This question arises in the context of min-wise hashing [11], PRGs for
combinatorial rectangles [7, 9], read-once DNFs [9] and more.

One could derive bounds of similar shape to ours using the work of [9], but with much stronger
assumptions on the variables. More precisely, one would require E[X*] < (2k)*o?* for all i € [n], and
get an error bound of roughly k°® (k). These stronger assumptions limit the settings where their
bound can be applied (biased variables typically do not have good moment bounds), and ensuring these
conditions hold led to tedious case analysis in analyzing their PRG construction.

We briefly outline our approach. We start from the results of [7, 11] who give an error bound of
0 <exp(—k) in (1.1). To prove this, they consider random variables ¥; = 1 — X;, so that

n

]i[x,-:f[(l—y,-):Z(—l)fsj(yl,...,yn). (1.5)
i=1

i=1 j=0
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By inclusion-exclusion/Bonferroni inequalities, the sum on the right gives alternating upper and lower
bounds, and the error incurred by truncating to k terms is bounded by S;(Y). So we can bound the
expected error by E[Si (Y )] for which k-wise independence suffices.

Our approach replaces inclusion-exclusion by a Taylor-series style expansion about the mean, as
in [9]. Let us assume y; # 0 and let X; = y;(1+ Z;). Thus,

fIXi:ﬁui(l —|—Z,~):I£Iui (iS]<Z)> . (1.6)
i1 i=1 i1 \j=0

In this approach, it is usually not sufficient to bound E[|S,(Z)|], since Z may have negative entries (even
if we start with X;s all positive). So, to argue that the first k terms are a good approximation, we need to
bound the tail |Z[2k Si(Z) ! At first, this seems problematic, since this involves high degree polynomials,
and it seems hard to get their expectations right assuming just k-wise independence.! Even though we
cannot bound E[Sy(Z)] under k-wise independence once ¢ >> k, we use our new inequalities for symmetric
polynomials to get strong tail bounds on them. This lets us show that truncating Equation (1.6) after k
terms gives error roughly o, and thus k = O(log(1/8)/log(1/c)) suffices for error 5. We next describe
these tail bounds in detail.

We assume the following setup: Z = (Zi,...,Z,) is a vector of real valued random variables where Z;
has mean 0 and variance 67, and 62 = ¥; 67 < 1. Let U denote the distribution where the coordinates of
Z are independent. One can show that Ezcy([|S¢(Z)|] < o!/+/¢! and hence by Markov’s inequality (see
Corollary 3.2) when > 1 and to < 1/2,

C k —2k
P L;JSAZ” >2(to) ] <2t (1.7

Although k-wise independence does not suffice to bound E[Sy(Z)] for £ > k, we use Theorem 1.5 to
show that a similar tail bound holds under limited independence.

Theorem 1.6. Let D denote a distribution over Z = (Zy,...,Z,) as above where the Z;s are (2k + 2)-wise
independent. Fort >0 and? 16eto < 1,

Xe@

Z 1S¢(2)| > 2(8eto) ] <22k, (1.8)

Typically proofs of tail bounds under limited independence proceed by bounding the expectation
of some suitable low-degree polynomial. The proof of Theorem 1.6 does not follow this route. In
Section 3.2, we give an example of Z;s and a (2k + 2)-wise independent distribution on where E[|S/(Z)|]
for ¢ € {2k+3,...,n— 2k — 3} is much larger than under the uniform distribution. The same example
also shows that our tail bounds are close to tight.

'We formally show this in Section 3.2.
2 A weaker but more technical assumption on #, 0, k suffices, see Equation (3.11).

THEORY OF COMPUTING, Volume 16 (17), 2020, pp. 1-29 5


http://dx.doi.org/10.4086/toc

PARIKSHIT GOPALAN AND AMIR YEHUDAYOFF

1.3 Applications

The notion of min-wise independent hashing was introduced by Broder et al. [4] motivated by similarity
estimation, and independently by Mulmuley [15] motivated by computational geometry. A hash function
isamap A : [n] — [m]. Let U denote the family of all hash functions # : [n] — [m]. Let H C U be a family
of hash functions. For § C [n], let minA(S) = minycsh(x). The following generalization was introduced
by Broder et al. [5]:

Definition 1.7. We say that H : [n] — [m] is approximately /-minima-wise independent with error € if

for every S C [n] of size |S| > ¢ and for every sequence T = (ti,...,t;) of £ distinct elements of S,
th{[h(tl) <+ < h(ty) < minh(S\T)] —hPru[h(tl) <+ <h(ty) <minh(S\T)]| < e.
€ S

Combinatorial rectangles are a well-studied class of tests in pseudorandomness [7, 12, 19, 3, 13, 9].
In addition to being a natural class of statistical tests, constructing generators for them with optimal seeds
(up to constant factors) will improve on Nisan’s generator for logspace [3], a long-standing open problem
in derandomization.

Definition 1.8. A combinatorial rectangle is a function f : [m|" — {0,1} which is specified by n co-
ordinate functions f; : [m] — {0,1} as f(x1,...,X1) = [Ticm fi(xi)- Amap G: {0,1}" — [m]" is a PRG for
combinatorial rectangles with error € if for every combinatorial rectangle f : [m]" — {0,1},

[Ere 0.1y (S — Exepp [f )] < .

A generator G : {0,1}" — [m]" can naturally be thought of as a collection of 2" hash functions, one
for each seed. For y € {0,1}", let §(y) = (x1,...,x,). The corresponding hash function is given by
8y(i) = x;. The corresponding hash functions have the property that the probability that they fool all test
functions given by combinatorial rectangles. Saks et al. [19] showed that this suffices for /-minima-wise
independence. They state their result for £ = 1, but their proof extends to all £.

Constructions of PRGs for rectangles and min-wise hash functions that achieve seed-length
O(log(mn)log(1/€)) were given by [7, 11] using limited independence. The first construction Gy
to achieve seed-length O(log(mn/¢€)) was given recently by [9]. We use our results to give an analysis
of their generator which we believe is simpler and more intuitive, and also improves the seed-length, to
(nearly) match the lower bound from [12].

We take the view of Gy as a collection of hash functions g : [n] — [m], based on iterative applications
of an alphabet squaring step. We describe the generator formally in Section 5. We start by observing that
fooling rectangles is easy when m is small; O(log(1/68))-wise Independence suffices, and this requires
O(log(1/68)log(m)) = O(log(1/6)) random bits for m = O(1).

The key insight in [9] is that gradually increasing the alphabet is also easy (in that it requires only
logarithmic randomness). Assume that we have a hash function g : [n] — [m] and from it, we define
g1 : [n] — [m?*]. To do this, we pick a function g/ : [n] x [m] — [m?] and set g1 (i) = g/ (i,g0(i)). The
key observation is that it suffices to pick g} using only O(log(1/8)/log(m))-wise independence, rather
than the O(log(1/8))-wise independence needed for one shot (the larger m is, the less independence is
required).
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To see why this is so, fix subsets S; C [m?] for each co-ordinate and pretend that g is truly random.
One can show that the random variable Pr,[g; (i) € S;] over the choice of g} has variance 1/poly(m).
Since we are interested in []; Pry, [g1(i) € S, which is the product of n small variance random variables,
Theorem 1.1 says it suffices to use limited independence.’

Theorem 1.9. Let Gyx be the family of hash functions from [n] to [m| defined in Section 5.2 with error
parameter 8 > 0. The seed length is at most O((loglog(n)+1log(m/8))loglog(m/38)). Then, for every
Sl,...,Sn Q [m],

Pr Vi€ [n] g(i) € S]]

—P j / 1 <§.
2€Sm» he&[VL € [n]h(i)e S| <8

This improves the bound from [9] in the dependence on n and §; their bound was
O(log(mn/8)loglog(m) +log(1/8)loglog(1/8)logloglog(1/6)).

In particular, the dependence on n reduces from log(n) to* loglog(n). The authors of [12] showed
a lower bound of Q(log(m)+1log(1/€)+loglog(n)) even for hitting sets, so our bound is tight upto
the loglog(m/d) factor. While [12] constructed hitting-set generators for rectangles with near-optimal
seedlength, we are unaware of previous constructions of pseudorandom generators for rectangles where
the dependence of the seedlength on n is o(log(n)).

Saks et al. [19] showed how to translate a PRG for combinatorial rectangles to an approximately
minima-wise independent family (for completeness, see Section 5.5 for a proof).

Theorem 1.10 ([19]). Let G: {0,1}" — [m]" be a PRG for combinatorial rectangles with error €. The
resulting family {g, : y € {0,1}"} of hash functions is approximately (-minima-wise independent with
error at most £("}).

We thus get the following corollary.

Corollary 1.11. Forevery ¥, there is a family of approximately £-minima-wise independent hash functions
with error € and seed length at most O((loglog(n) +log(m®/¢))(loglog(m'/¢))).

1.4 Follow-up work

The basic nature of the questions we consider has led to follow-up work which we now briefly describe.
(A preliminary version of this article appeared as [10]).

Gopalan, Kane and Meka [8] constructed the first PRG with seed-length O((log(n/8)loglog(n/8)?)
for several classes of functions, including halfspaces, modular tests and combinatorial shapes. The key
technical ingredient of their work is a generalization of Theorem 1.1 to the complex numbers. Their
proof, however, is different from ours, and in particular it does not imply the inequalities and tail bounds
for symmetric polynomials that are proved here.

3To optimize the seed-length, we actually use almost k-wise independence rather than exact k-wise independence. So the
analysis does not use Theorem 1.1 as a black-box, but rather it directly uses Theorem 1.6.

4The reason log log(n) seedlength is possible is because every rectangle can be €-approximated by one that depends only on
O(mlog(1/¢)) co-ordinates. Hence the number of functions to fool grows polynomially in n, rather than exponentially.
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Understanding the tradeoff between space and randomness as computational resources is an important
problem in computational complexity theory. A central technique for understanding this tradeoff is via
PRGs for branching programs [17]. Meka, Reingold and Tal [14] constructed the first PRG for width-3
branching programs with nearly optimal seed length. Their proof relies on the proof strategy describe
here.

The iterated restrictions approach is one of the few general mechanisms for constructing PRGs. It
was suggested by Ajtai and Wigderson [1] and in most applications does not yield truly optimal seed
length. Doron, Hatami and Hoza [6] showed that that the iterated restrictions approach can achieve
optimal seed length (in a specific scenario). A key step in their proof is an extension of our results on the
elementary symmetric polynomials to subset-wise symmetric polynomials.

1.5 Organization

We present the proofs of our inequalities for symmetric polynomials (Theorems 1.3 and 1.5) in Section 2
and tail bounds for symmetric polynomials (Theorem 1.6) in Section 3. We use these bounds to prove the
bound on products of low-variance variables (Theorem 1.1) in Section 4, and to analyze the generator
from [9] in Section 5.

2 Inequalities for symmetric polynomials

The proof of our inequality for the elementary symmetric polynomials is by induction on k, and uses the
method of Lagrange multipliers together with the Maclaurin identities.

Proof of Theorem 1.3. It will be convenient to use

Ez(él) = Z a,-z.

ic[n]
By Newton’s identity, E, = S% — 28, so for all a € R”,
§2(a) + Ex(a) < 2(5(a) +[S2(a))).
It therefore suffices to prove that for all « € R" and k € [n],

(16¢*(Si(a) + Ea(a)))*

We prove this by induction. For k € {1,2}, it indeed holds. Let k > 2. Our goal will be upper bounding
the maximum of the projectively defined” function

Si(a)

W) = (Sa) + Ea @

SThat is, for every a # 0 in R” and ¢ # 0 in R, we have ¢y (ca) = ¢ (a).
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under the constraint that Sy (a) is fixed. Since ¢ is projectively defined, its supremum is attained in
the (compact) unit sphere, and is therefore a maximum. Choose a # 0 to be a point that achieves the
maximum of ¢. We assume, without loss of generality, that S (a) is non-negative (if S;(a) < 0, consider
—a instead of a). There are two cases to consider:

The first case is that for all i € [n],

o 2K2(S1(a) + Eafa))' 2
- n

ai

@2.1)

In this case we do not need the induction hypothesis and can in fact replace each g; by its absolute value.
Let P C [n] be the set of i € [n] so that a; > 0. Then by Equation (2.1),

Y lail < 2k'3(S}(a) + Ea(a))' 2.
icP

Note that

Sia) =Y lail = ¥ lai] > 0.

icP iZP
Hence

Y lail <Y lai < 2kM3(S7(a) + Ea(a) /2.
i¢P i€P

Overall we have
Y lail < 4k'2 (S (a) + Ex(a))'/2.

i€(n]
We then bound
Selar, - an)| < Sl las])
e\ ‘
< (%> Z la;| | by the Maclaurin identities
i€[n]

de\" 2 k/2
< (%) s+ B

The second case is that there exists i € [n] so that

1/2(q2 1/2
o > 2@ +Ba@) 0

n

In this case we use induction and Lagrange multipliers. For simplicity of notation, for a function ' on R”
denote

F(—i)=F(a1,a,...,a;-1,8i11,--.,dy)

THEORY OF COMPUTING, Volume 16 (17), 2020, pp. 1-29 9
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for i € [n]. For every § € R" so that ;8 = 0 we have ¢(a+ &) < ¢(a). Hence,® for all § so that
Zi 0 =0,

S2(a+8)
($2(a+8)+Ex(a+8))
(Sk(a) + X, 8:8k_1(—i) +0(8%))?
~ (S7(a) + Ex(a) +-2 X6+ O(82))F
S2(a) +2Sk(a) X 8iSk—1(—i) + 0O(8?)
T (SH(a) + Ex(a) )k +2k(ST(a) + Ex(a) T Liaidi + 0(8%)

O (a) >

Hence, for all § close enough to zero so that }; 6; = 0,

52(a) - S2(a) +2Sk(a) ¥ 8iSk—1(—i) + 0O(8?)
2 k — 2 k 2 k1% 4.5, 2y’
(S7(a) +Ex(a))t — (Si(a) + Ez(a))* +2k(St(a) + Ex(a))*~' E;a:i6;+ O(57)

or

Z‘S" (a;iSk(a)k — (ST(a) + Ex(a))Sk—1(—i)) > 0. (2.3)

For the above inequality to hold for all such &, it must be that there is A so that for all i € [n],
a;iSi(a)k — (S5 (a) + Ex(a))Sk—1(—i) = A.

To see why this is true, set A; = a;Sy(a)k — (S3(a) + E2(a))Sk_1(—i) . We now have A1,...,A, so that

Y % >0 (2.4)
i
for every 6y,...,0, of sufficiently small norm where }; §; = 0. We claim that this implies that in fact
A; = A for every i. To see this, assume for contradiction that A; # A, and |4;| > |A;]. Set
Oy =—pA, & =pr, B3=06=...=6,=0

for u > 0 sufficiently small. It follows that ¥, &; = 0 and ¥; 4;8; = (4142 — A7) < 0 so Equation (2.4)
is violated.
Sum over i to get

An = Si(a)Sk(a)k— (S}(a) + Ez(a))(n— (k—1))S1 ().
Thus, for all i € [n],
aiSk(a)k — (S%(a) +E2 (a))Sk_l (—i)

= L s @)Sila)k— (53(a) + Ea@) (n— (k~ 1)S1(@).

%Here and below, O(82) means of absolute value at most C - |||« for C = C(n,k) > 0.
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or

n

Se(a)k <a,- _3 (")>

. k—1
= (8}(@) + Exfa@))(Sicr ()~ Sicr (@) + E 53 ) + Ea(@)Sic1(a))
This specifically holds for iy, so using Equation (2.2) we have
aio

‘sk(a)k7

Se(a)k <a,-0 _3 1,5“)) ’

< |($}(a) + Ex(a))ai,Si—a(—io)| + ‘ (k=D (Si(a) + Eo(@) i1 (@)

<

I

n
or
|Sk(a) 2.5)
| 21(a) + Ex(@))Sia(—i0) | | 2(k = 1)(S1(a) + E2(a))Si-1()
- k nkai,
- 2(S7(a) + Ex(a))Sk—2(—io) n (57(a) + E2(a)'Si1 (a)
k k1/2 ’
To apply induction we need to bound S} (—ip) + E»(—ip) from above. Since
St(a) + Ex(a) = Si(—io) — Ea(—io) = aj, +2a;,S1 (i) +aj,
= Za,‘OS] (a) Z 0.
we have the bound
St(—io) + Ex(—io) < Si(a) +Ex(a).
Finally, by induction and Equation (2.5),
2(8%(a) + Ex(a)) (166 (S (i) + Ea(—io)))*~>/
[Sk(a)] <
k (k—2)(k-2)/2
(ST(a@) +Ea(a)'"? (1667 (S (a) + Ea(a)) =172
K1/2 (k— 1)(1&1)/2
_ (1668} (a) + Ea(a))*” ( 2 + ! )
_ (162 (S}a) + Ex(@)* -
kk/2
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The proof of the more general inequality (Theorem 1.5) is by reduction to Theorem 1.3, and uses the
connection between real polynomials in one variable and the symmetric polynomials.

Proof of Theorem 1.5. Assume ay, ... ,a,, are nonzero and dy, 1, . . . ,a, are zero. Denote &’ = (ay, ..., a;)
and notice that for all’ k € [n],

Write

Derive k times to get
Sm(@) ¢ m—1\ Sp—1(a) i
(k) — S.(a)k! m m—k m—k—1
p@) =S () g tor () Sty
k+1Y\ Sy1(a)
1].
+< k ) Sk(a) oF
Since p has m real roots, p*) has m — k real roots. Since p' ( ) # 0, there is b € R"™* so that

PP &) =Si(@k! [T (Ebi+1).

i€[m—k]

For all h € [m —k],

o= () S

By assumption,
1S1(b)| < C and |S,(b)| < C2.

o= |(4") 55 <

Theorem 1.3 implies
(8eC)"
hh/2

2.1 Zeros of polynomials

We conclude the section with a proof of Fact 1.4 which states that over the reals, if Sy(a) = Sk4+1(a) =0
for k > 0 then Sy(a) = 0 for all £ > k.

For a univariate polynomial p(&) and a root y € R of p, denote by mult(p,y) the multiplicity of
the root y in p. We use the following property of polynomials p(&) with real roots (see, e. g., [18]),
which can be proved using the interlacing of the zeroes of p(&) and p/(&): If mult(p’,y) > 2 then
mult(p,y) > mult(p’,y) + 1.

"For k > m we have S (a) = 0 so there is nothing to prove.
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Proof of Fact 1.4. Let
p&) =TI +b)= k;)é"Snfk(b)-

i€[n]

Consider p*~*=1)(&) which is the (n — k — 1)-th derivative of p(&). Since Si(b) = Sy1(b) = 0 for k >0,
it follows that &2 divides p*~*~1) (&) and hence mult(p"~*=1) 0) > 2. Applying the above fact n —k — 1

times, we get mult(p,0) >n—k+1s0S,(b) =... =S(b) = O
3 Tail bounds under limited independence
In this section we work with the following setup. Let X = (Xj,...,X,) be a vector of real valued random

variables so that E[X;] = O for all i € [n]. Let 67 denote the variance of X, and let 6> = Y | 67. The
goal is proving a tail bound on the behavior of the symmetric functions under limited independence.

We start by obtaining tail estimates, under full independence. Let U denote the distribution over
X =(X,...,X,) where Xj,...,X, are independent.

Lemma 3.1. Exc([S?(X)] < "72,1

Proof. Since the expectation of X; is zero for all i € [n],

ESX)= Y E
T, C[n):|T|=|T"|=¢

- Z E Hth

TChT|=¢ [t€T

[T 1 %

teT teT’

= ) [l

TC[n]:|T|=¢1€T

1 2[ o
<alLe) = -

Corollary 3.2. Fort > 0 and { € [n|, by Markov’s inequality,

SIEA (to)! 1
eru 1Se(X)| = i > < - 3.1

If2e'2t6 < k'/2 then by the union bound

u e!’to 1
> _ < ——F—. .
ngu ;'C‘SK(X)' 22 < kl/2 = 12k g2k (3.2)
We now consider limited independence.
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Lemma 3.3. Let D denote a distribution over X = (Xi,...,X,) where Xi,...,X, are (2k+ 2)-wise

independent. Lett > 1. Except with D-probability at most 2t=%*, the following bounds hold for all
telk,...,n}:

02
15,)] < (Sero)’ <'Z> . (33)

Proof. In the following the underlying probability distribution over X is D. By Lemma 3.1, for i €
{k,k+1},

E[S (X)) <

Hence by Markov’s inequality,

From now on, condition on the event that
¢ G)k (t G)k—H

Vk! N

which occurs with probability at least 1 — 2t~ 2. Fix x = (x1,...,X,) such that Equation (3.4) holds.
We claim that there must exist kg € {0,...,k— 1} for which the following bounds hold:

5] < ¢

and [ S (X)| < (3.4)

ko
\Sko(X)IZ(m) : (3.5)
ko!
(to)kot!
S < 3.6
|Sko1(x)] < CERL (3.6)
k0+2
Stps2(0)] < 19 3.7)

To see this, mark point j € {0,...,k+ 1} as high if

8,091 2 2

and low if
(r0)/
il

1S;(x)| <

A point is marked both high and low if equality holds. Observe that 0 is marked high (and low) since
So(x) = 1 and k and k + 1 are marked low by Equation (3.4). This implies the existence of a triple
ko, ko + 1,ko + 2 where the first point is high and the next two are low.
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Let y > 0O be the smallest number so that the following inequalities hold:

Y
k0—|-17

r
R N (3.9)

[Sko+1 ()] < Sk (%) (3.8)

By definition, one of Equations (3.8) and (3.9) holds with equality so

[Skg100)[VEo T T [Skyr2(x)|y/Tko + 1) (ko + 2) }
Y ’ Y '

Sty ()] = max {

Observe further that ¥y < ro by Equations (3.5), (3.6) and (3.7). Combining this with the bounds in
Equations (3.6) and (3.7)

ko+1 ko+2 ko+2
1Sk, ()] < max{ o) (t0) } Ui (3.10)
}/\/k()! }’2\/]{()! ’}’2\/160!
Equations (3.8) and (3.9) let us apply Theorem 1.5 with C = yv/ko+ 1 and & > 3 to get
Sk0+h(x) < (Sey)h (k()—|— l)h/Z
= ko+hy °
Siy(1) W57
Bounding |Sg, | by Equation 3.10, we get
k 1 h/2 to)kot2 k 1 h/2
Sipen(9)] < (sep)? B0V gy gyporn (ot D
h/(ko)y ko! nh/ ko!(h)
Since
koth)_ [ (koth o Cko+h\" o (ko )t/
h )~ ko "\ h - k](;O/zhh/Z ’
we have
(k0+1)h/2 - k0+1 h/2 k(’;o/zhh/Z _ k0—|—1 (k0+h)/2
W2kt (foh) — 0 h (ko + h)koth)/2 = \ ko +h '
Therefore, denoting ¢ = ko + h, since ko + 1 < k,
o\ 2
Sy(x)] < (8eto = . ]
S:()] < (sex0)' (|
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3.1 Proof of tail bounds

Proof of Theorem 1.6. As in Lemma 3.3, fix x = (x1,...,x,) such that Equation 3.4 holds (the random
vector X has this property with D-probability at least 1 —2¢~2¢). By the proof of lemma, since by
assumption 8erc < 1/2,

n (tG)k (tG)k+1 n , (k>£/2 .
S < + + 8 - <2(8 . 3.11
Z;{’ (ol = =5 T gz%z( eto)' (5 ) <2(8ero) (3.11)

O]

3.2 On the tightness of the tail bounds

We conclude by showing that (2k + 2)-wise independence is insufficient to fool |S,| for £ > 2k +2 in
expectation. We use a modification of a simple proof due to Noga Alon of the Q(nk/ 2) lower bound on
the support size of a k-wise independent distribution on {—1,1}", which was communicated to us by
Raghu Meka.

For this section, let Xi,...,X, be so that each X; is uniform over {—1,1}. Thus 62 = ¥, Var[X;] = n.
By Lemma 3.1, we have

12 n'?

ExeullS:(X)|] < (Bxeu[S7(X)]) '~ < 70 (3.12)

In contrast we have the following:

Lemma 3.4. There is a (2k +2)-wise independent distribution on X = (X1,Xa,...,X,) in {—1,1}" such
that for every { € [n],

n 1
> > —.
s ()] 5

Specifically,

ExeolS:00)) > )

> 1o (3.13)

Proof. Let D be a (2k+ 2)-wise independent distribution on {—1, 1}" that is uniform over a set D of size
2(n+ 1)1 < 3p%+1, Such distributions are known to exist [2]. Further, by translating the support by
some fixed vector if needed, we may assume that (1,1,...,1) € D. Itis easy to see that every such translate
also induces a (2k +2)-wise independent distribution. The claim holds since S¢(1,...,1) = (}). O

When, for example, k = O(logn), which is often the case of interest, for 2k +3 < ¢ <n— (2k+3),
the RHS of (3.13) is much larger than the bound guaranteed by Equation 3.12. The tail bound provided
by Lemma 3.3 can not therefore be extended to a satisfactory bound on the expectation. Furthermore,
applying Lemma 3.3 with

1 /n

e\ tk
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implies that for any (2k 4 2)-wise independent distribution,
K\ 642kl -
peisi0)1 = ()| < e |Isi0)1 = servi) () ] <2(*H).

n
When k¢ = o(n), this is at most O(n—*+°(1)). Comparing this to the bound given in Lemma 3.4, we see
that the bound provided by Lemma 3.3 is nearly tight.

4 Limited independence fools products of variables

In this section we work with the following setup. We have n random variables X, ..., X,, each distributed
in the interval [—1,1]. Let y; and 67 denote the mean and variance of X;, and let 6> = Y, 67. The
following theorem shows that limited independence fools products of bounded variables with low total
variance.

Theorem 4.1. There exists C > 0 such that under any Ck-wise independent distribution D,

< (Co)~. (4.1)

Ep [HXi] - H.Ui
i1 i=1

Proof. Denote by U the distribution on (Xj,...,X,) in which the X;s are independent with the same
marginal distribution as in D. Define H C [n] to be the set of indices such that |;| < v/0. There are two
cases to consider.

Case one: The first case is that |[H| > 2k. In this case, let H' be a subset of H of size 2k. Since the
variables are bounded in [—1, 1], we have

)E@[l‘[[}m |

S}E@[‘ I1x] SEﬂj[‘ [1x

i€n] icH’

The 2k-wise independence implies

[T = [TElX] < [T VEX] =[] +/0? + 17 < (20)~.
icH'

i€cH' i€cH' i€eH’

Ep[

The same bound also holds under U. Hence,

‘ED[HXJ —Ey[[ ] X

i€[n] i€[n]

<2(20)*.

Case two: The second case is that |[H| < 2k. Let T = H \ [n]. For ease of notation, we shall assume that
T = [m] for some m < n. We may assume that m > 10k, since otherwise there is nothing to prove. Even
after conditioning on the outcome of variables in H, the resulting distribution on X, ..., X,, is 10k-wise
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independent. Since the variables have absolute value at most 1, it suffices to show that for a 10k-wise

independent distribution D,

ED[ H Xi] —Eu[ H Xi] < ZGk.

i€[m]
Write X; = p;(1+Z;) so that Z; has mean 0 and variance Giz / uiz. Define the random variables

P=T]x= Hui-iSz(Z)
(=0

i€m]

= [1w ZSf

i€[m]
where Z = (Zy,...,Zy). We will prove the following claim.

Claim 4.2. For a 4k-wise independent distribution D,
|Ep[P—P]| < (co)* /2.
We first show how to finish the proof of Theorem 4.1 with this claim. We have

|Ep[P] — Ey[P]] < |Ep[P — P]| + [Eu[P — P')| + |Ep [P'] — Ey[P]|.

The first two terms are bounded from above by (co¥)/2 by the claim, and the last is 0 since 10k-wise

independence fools degree 4k polynomials, such as P’.

Proof of Claim 4.2. Denote by &7 the variance of Z;. By definition of T, we have 67 = o?/u? < ¢?/o.

The variance of the Z can be bounded by

W'Ms

G
M

Let G denote the event that |P — P'| < 2(8ey/6)*, and denote by =G the complement of G. Write

E[P—P|=E[(P—P)1(G)|+E[(P—P)L(=G)].
By the definition of G,
[E[(P—P)L(G)]| < 2(8eV/E)™
Bound the second term as follows. First, since —1 <P <1,

[E[(P—P)1(=G)]| < [E[PL(~G)]| + [E[P'L(~G)]|

< [E[L(=G))| + \/E[P?] -E[1(-G)).
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Recall that

Letting ¢ = 1/1/6 and applying Theorem 1.6,
E[1(=G)] < 2:~ 8 = 25%. (4.3)
Since E[Z;] = 0 for all 4, and by Lemma 3.1,

4k 4k 52i
EP? <Y ES<Y 7o <2 (44)
i=0 i—0 b

So, the RHS of Equation (4.2) is at most 6% +/26%* < 30*, as required.

5 Analyzing the PRG for rectangles

Gopalan et al. [9] proposed and analyzed a PRG for combinatorial rectangles, which we denote by Gyx.
In this section, we provide a different presentation and analysis of their construction, which is based on
our results concerning the symmetric polynomials. Our analysis is simpler and follows the intuition that
products of low variance events are easy to fool using limited independence. It also improves on their
seedlength in the dependence on n, 8, as discussed above.

5.1 Preliminaries

Let U denote the uniform distribution on [m]", and let D be a distribution on [m]". We denote by Pr,cqp the
probability distribution induced by choosing x according to D. For K C [n], denote by Dk the marginal
distribution of D in co-ordinates in K.

Definition 5.1. A distribution D on [m]" is (k,€)-wise independent if for every K C [n] of size at most k,
the total variation distance between Dk and Uk is at most €.

Naor and Naor [16] showed that such distributions (for m a power of two) can be generated using
seed-length O(loglog(n) + klog(m) +1log(1/¢€)). Indeed, such distributions can be generated by taking
a (klog(m))-wise e-dependent string of length nlog(m). We can also assume that every co-ordinate is
uniformly random in [m], by adding the string (a,q,...,a) modulo m, where a € [m] is uniformly random.

The following property holds. Let P be a real linear combination of combinatorial rectangles,

P= ZCSf57
S

where fs(x) = [1ics fs,i(xi) where fs;: [m] — {0,1} forall S,i. Let L;(P) = Y.g|cs|. The degree of P is
the maximum size of S for which cg # 0. Convexity implies that if D is (k,€)-wise independent and P
has degree at most k then

[Exep [P(x)] = Eveu[P(x)]| <Li(P)e.
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5.2 The generator

We use an alternate view of Gy as a collection of hash functions g : [n] — [m]. The generator Gy is
based on iterative applications of an alphabet increasing step. The first alphabet my is chosen to be large
enough, and at each step ¢ > 1 the size of the alphabet m;, is squared m; = mtz_l.

There is a constant C > 0 so that the following holds. Denote by 6 the error parameter of the generator.
Let T < Cloglog(m) be the first integer so that my > m. Let 8’ =3 /T.

Base Case: Let mp > Clog(1/6) be a power of 2. Sample gy : [n] — [mo] using a (ko, &)-wise
independent distribution on [mg]" with

ko = Clog(1/8"), & = &' -my ™. (5.1)

This requires seed length O(loglog(n) +log(loglog(m)/d)loglog(loglog(m)/6)).

Squaring the alphabet: Pick g/ : [m;_1] X [n] — [m,] using a (k, & )-wise independent distribution over
[ lr=11< 1) with

log(1/6’
ky :maX{C(M,2}, & Smek’.
log(m;)

Define a hash function g, : [n] — [m,] as
g(i) = (g1 (1), ).

This requires seed length O(loglog(n) 4 log(m;) +log(loglog(m)/§)).

5.3 Two lemmas

We first analyze the base case using the inclusion-exclusion approach of [7]. We need to extend their
analysis to the setting where the co-ordinates are only approximately k-wise independent.

Lemma 5.2. Let D be a (k,€)-wise independent distribution on [m]" with k odd. Then, for every
Sl,...,Sn Q [m],

< emf +exp(—Q(k)).

qi) : (5.2)
1
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Case 1: When Y, ¢q; < k/(2e). Since every non-zero ¢; is at least 1/m, there can be at most mk/(2e)
indices i so that ¢; > 0. For i so that g; = 0, we have S; = [m], so we can drop such indices and assume
n < mk/(2e). By Bonferroni inequality, since k is odd,

k—1
f;r[v i€ [n]g(i) €Si|— Zé(—l)j HZ lzr[V i€Jg(i) S
j= JC[n):|J|=j

< Y PrVieldg(i) €S
JCn): )=k &

A similar bound holds for h. Using the (k, €)-wise independence, and since () < (en/k)~,

Prl¥ i € [n] g(i) € Si] —Pr(¥ i € [n] h(i) € S]]

<e(en/k)*+2 Y PrVieJh(i) ¢S]
IS =k

The second term is twice Sx(q1, - .,¢x), which we can bound by Maclaurin’s identity as

k
Sk(q1s---qn) < (e/k) (Zq,) <2

The lemma is proved since n < mk/(2e).
Case 2: When Y, g; > k/(2e). Once again, we drop indices i so that ¢; = 0. Consider the largest n’ such
that

n/

k/(2e)—1<Y q; <k/(2e).

i=1

Repeating the argument from Case 1 for this n’, we get
Pr[Vie [n] g(i) € Si] —lzr[v i€ [ h(i) €S| < e(m/2)k 427+,
8

Similarly to Equation (5.2),
}Zr[v i€ W] h(i) €S < el k),

Finally, since
};r[Vie [n] g(i) € Si] ng Vi€ [n] g(i) € Si],

the lemma is proved. O

To analyze the iterative steps, we use the following lemma. To simplify notation, for a finite set X,
we denote by Pr,cx the probability distribution induced by choosing x uniformly in X.
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Lemma 5.3. There is C > 0 so that the following holds. Let 0 < 6 < 1/C. Assume
k>1,¢>1og(1/8), £ >k, 75 <8 &< (mt)~*

Let D be a (Ck, €)-wise independent distribution on g’ : [¢] x [n] — [m] so that for every (a,i) € [¢] X [n],
the distribution of g'(a,i) is uniform on [m]. Let g : [n] — [m] be defined by g(i) = g'(x;,i). Then,

Pr [Vie[ngli)€S]— Pr [Vie[n]h(i)esi)| <é.
g'eD xell)" he[m]"

Proof. Let p; = |S;|/m and ¢; = 1 — p;. Partition [n] into ahead H = {i: p; < "%} and a tail T = {i:
pi > £7%1}. There are two cases to consider.®

The head is large. If |H| > k, we show that both probabilities are small which means that they are close.
Indeed, let H' be the first k indices in H. First, by definition of H,

Prl¥ i € [n] h(i) € 5}] < [VzeH’ = [ Prin(i) € si] < e,

i€H'

Second, (k, €)-wise independence implies
PrVie [n] g(i)€S]<PrlVie H g(i)eS] <t " +e,
g g

so the proof is complete.

The head is small. From now on, we may assume that |H| < k. We may also assume that ¢; > 1/m
and p; > 0 for all i € T, since otherwise S; is trivial and we can drop such an index. As in the proof of
Lemma 5.2, by restricting to a subset if necessary, we can also assume that

Y qi < Clog(1/8). (5.3)

ieT
Therefore, |T| < Cmlog(1/0).
For i € T, define the random variable

Yia =1(g'(a,i) €5;) -

Since g'(a,i) is uniform over [m] for all a, i, we have E[Y; ;] = 0 and Var[Y; ,] = ¢;p;. Define the random
vector A= (A;:i€T) by
1 L

Define the random variable
0= Pr[VlGHg()ES}

8Standard arguments imply that if (k, €)-wise independence fools both Vi € H g(i) € S; and Vi € T g(i) € S; with error &
then (O(k),e°"))-wise independence fools their intersection with error O(8). So it suffices to consider each of them separately.
However, since we could not find an explicit reference for this statement, we provide a self-contained argument.
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So, for every fixed g/,

7|
Prvi e [n] g(i) € Si] = Q- [Iri(1+4)=0-T]pri- Y. Si(A). (5.4
ieT ieT i=0
Define
7|
P=0-T]ri- Y. Si(A),
i€l i=0
k
P'=0-[]pi- Y Si4).
ieT =0

The degree of P’ is at most 2k. We will show that P’ is a good approximation to P.
Claim 5.4. [Ep[P—P']| < O(¢702F),
The claim completes the proof:
[Ep[P] — Eu[P]| < [Ep[P— P)| + [En [P) — Ey[P]| + [Eu[P - P

Bound the first and third terms by O(¢~°2%) using the claim (U is also (Ck, €)-wise independent). Bound
the second term as follows. Since k > 2, for all 7,

- q qi
Var[A;] = szlz ‘;Var[Y,?a] 71171 < 7057
1 ¢ 2
Li(A) < 7 Y Li(Yia) < =</
ig=1 Pi
Plugging in the bounds from Equations (5.3):
I Clo
g(1/8) _ 1

Y Li(A) < Cmlog(1/8) < me®D,

k
Li(Sp(A)) < <ZL1(A,-)> < koW,
i=1

Thus, since the degree of P’ is 2k,
|Ep[P] —Ey[P]] < eLi(P) <75
Overall,

gr[v i€ [n] g()) € 8] = Pr[V i € [n] h(i) € ]| = [Ep[P] - Ey[P]| < o0 < 5.
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Proof of Claim 5.4. We repeat the proof of Lemma 3.3 with 6 = ¢~ and ¢ = ¢°2, The event G defined
as

and |S Al < ——

{‘ @)l ¢—0.05k 60.05(k+1)}
G=<|5:4) <

occurs with probability at least 1 — 2¢7%4_ Denote by =G the complement of G. Write
E[P—P|=E[(P—P)L(G)]+E[P—P)L(—G)].

Bound the first term as follows. If the co-ordinates of A are (Ck,0)-wise independent, then, by

Lemma 3.1,
(X, Varja)s _ 0%

Hence, under (Ck, €)-wise independence,
—0.6k £70.5k
E[Si(4)] < —— +eLi(Si) < —— (5.5)

As in the proof of Theorem 1.6, conditioned on G,
|P—P'| <2(8et 00,
Thus,
E[(P— P)1(G))| < 2(206 ),

It remains to bound the second term from above. Note that 0 < P < 1 since it is the probability of an
event. Bound

E[(P—P)L(=G)]| < [E[PL(~G)]|+ [E[P'L(~G)]| < [E[L(=G)]| + \/E[P’Z] -E[1(=G)].

Since E[A;] = 0 for all i and L;(S;) < ¢°®), using Equation (5.5), it follows that under (Ck, &)-wise
independence, we have E[P”?] < O(1). So, we can bound the RHS from above by O(¢~%%). O

O

5.4 Completing the analysis

Proof of Theorem 1.9. The proof uses an hybrid argument. The Gyx generator chooses go : [n] — [mg],
and then g, ..., g7 where g, = [m,_1] X [n] — [m,] defines the map

g (i) = g; (8—1(i), 1)
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Let ho,h,...,h, be truly random hash functions with similar domains and ranges. For 0 <¢,q <T, define
the hybrid family G = {f{ : [n] — [m,]} as follows: for t = 0 and every ¢, define

,_ [0 forg=0,
fo =
hy for g >0,

and for # > 0 and every g,
fq(i) _ g;( ;il(i),i) for ¢ Z q;
! H(fL(i),i) fort<gq.

For every ¢, let §7 = GZ. Thus, G = Gyiq and G7 = U. We will show that for every g > 0,
] q+1(; 1 ] q(; . I —
quErqu[v i€ n] f17(i) € S fqlzrgq[v i€n] fli)e S| <8 =6/T.
The desired bound then follows by the triangle inequality.
In the case ¢ = 0, couple G° and G! by picking the same gl,--.,&r, and use them to define the function
S [mi1] % [n] — [m] so that
£200) = f'(g0(i).0), (i) = f'(ho(i), ).
For i € [n], define
Si={a€[m]: f'(a,i) € S;}.
Thus,

' "i)e S — Pr [Vie[n] f2>4)es;
f};{jl[vle[n]f(l)é&] f}zgow € [n] f°i) € i

= [Prv i € [n] ho(i) € Si] —Pr[vien] go(i) € Sil| <6,

by applying Lemma 5.2 with k = O(log(1/6’)) and € = &' - mao(k).

For the case ¢ > 0, couple G9*! and G¢ by picking the same 8g+15---+&r» and pick x € [my_1]"
uniformly at random. There is a function f” : [my] X [n] — [m] so that

F1G) = [ (hy(xi i), ), £71(0) = £ (85 (xi,0),0)-

As before, define
Si={ac [mq] :f'(a,i) € Si}.

Hence,

, g+1: 1 , q(: )
P Wil N s - P il ) €S
= hll)r Vi € [n] hy(xi,i) € S)] = Pr[Vi€ [n] g (xi,i) € S}]| < &,
q* g;,x
by Lemma 5.3 with

kg > 1, mg-1 2 log(1/8"), mg—1 2 kg, m;fql < 6/C7 €1 < (mqmqfl)ick". U
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5.5 Minima-wise independence

Saks et al. [19] showed how to translate a PRG for combinatorial rectangles to an approximately minima-
wise independent family. We conclude with a routine extension of their result to large /.

Proof of Theorem 1.10. Fix S C [n] and a sequence T = (t1,...,#;) of ¢ distinct elements from S. The
event

g(n) <---<g(ty) <ming(S\T)

can be viewed as the disjoint union of (’?) events by fixing the set A = {a; < ... < ay} that T maps to.
The indicator 14 of the event

g(tl) =Aat,---, g(tf) =day, g(S\T) > ap
is a combinatorial rectangle: Define

1forig$
(x,) :]l(x,:aj) fori=t;eT
1(x; > ay) fori e S\T

and

Ja(xt,. Hfz ;).
€ln]

Since g(i) = x;, it follows that 14(g) = fa(x). Further, choosing & € U is equivalent to choosing x € [m]"
uniformly at random. Hence,

Prg(n) <--- <g(tr) <ming(S\T)]

8€S
= ;Eye{o,l}r[fA(S(y))]
=Y (Encu[la(h)] £ &)
A
= hl;&[h(tl) <+ < h(ty) <minh(S\T)]+ (’Z)g O
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